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ABSTRACT
PolycubeT-splinehasbeenformulatedelegantly thatcanunify T-
splinesandmanifold splinesto de�ne a new shaperepresentation
for surfacesof arbitrary topology by using polycubemap as its
parametricdomain.Naturally, Thedata�tting quality usingpoly-
cubeT-splineshingeson the constructionof underlyingpolycube
maps. However, existing methodsfor polycubemapconstruction
exhibit somedisadvantages.For example,existing approachesfor
polycubemapconstructioneitherrequireprojectionof pointsfrom
a3D surfaceto its polycubeapproximation,whichis thereforevery
dif�cult to handlethecaseswhentwo shapesdiffer signi�cantly; or
computethemapby conformallydeformingthesurfacesandpoly-
cubesto thecommoncanonicaldomainandthenconstructthemap
usingfunctioncomposition,which is challengingto controlthelo-
cation of singularitiesand makes it hard for the data-�tting and
hole-�lling processeslateron.

This paperproposesa novel framework of user-controllablepoly-
cubemaps,which canovercomethedisadvantagesof theconven-
tional methodsandis muchmoreef�cient andaccurate.Thecur-
rentapproachallowsusersto directlyselectthecornerpointsof the
polycubeson theoriginal3D surfaces,thenconstructthepolycube
mapsby using the new computationaltool of discreteEuclidean
ricci �o w. We develop algorithmsfor computingsuchpolycube
maps,andshow that the resultinguser-controllablepolycubemap
servesasan ideal parametricdomainfor constructingsplinesur-
facesandotherapplications.The locationof singularitiescanbe
interactively placedwhereno importantgeometricfeaturesexist.
Experimentalresultsdemonstratethat the manifold splinesbuilt
upontheproposedpolycubemapscanachieve thesame�tting ac-
curacy by usingmuchfewercontrolpoints,andsubsequentlymake
theentirehole-�lling processmucheasierto accomplish.
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1. INTRODUCTION AND MOTIVATION
Manifold splines,proposedby Gu, He, andQin [7], is a computa-
tional framework to generalizesplinesde�ned on planardomains
to manifoldsof arbitrarytopology. Mathematically, amanifoldcan
be equivalently treatedasa setof coordinatechartsin R2 via lo-
cal parameterization,andtheselocal chartsarethengluedcoher-
ently andsmoothlyto form a completemanifoldsurface.Guet al.
showedthattheremustbesingularitiesfor any closedmanifoldex-
cept tori [7]. Hence,for a closedmanifold of g > 1, therehasto
besingularitiesof theatlaswhich cannot becoveredby any chart
within its collectionset.Theexistenceof singularitiescomesfrom
the topologicalobstruction,which cannot be avoidedwithin the
currentmanifoldsplineframework. Givena closeddomainmani-
fold of genusg, [7] proposedamethodto computetheaf�ne struc-
ture with Euler numberj2 � 2gj extraordinarypointsandshowed
thattheinducedtransitionfunctionsaresimply thetranslation.

Therearetwo researchdirectionsimmediatelyfollowing up Gu et
al.'s work. One is to further reducethe numberof extraordinary
points. In [6], Gu et al. presenteda methodto constructmani-
fold splineswith singleextraordinarypoint reachingtheir theoretic
lower boundof singularityfor real-world applications.They �rst
computeda specialmetric of any manifold domainsuchthat the
metricbecomes�at everywhereexceptatonepoint. Then,themet-
ric naturallyinducesanaf�ne atlascoveringtheentiremanifoldex-
ceptthis singularpoint. Finally, manifoldsplinesarede�ned over
this af�ne atlas. They showed that the uniformity of the metric
variesdrasticallydependingon thelocationof singularity.

Anotherdirection,on thecontrary, is to increasethenumberof ex-
traordinarypoints to reducethe total areadistortion in the af�ne
atlas.In [20], Wanget al. proposedpolycubeT-splineswhich is a
variantof manifold splinesuchthat the metric of the af�ne man-
ifold (polycubewithout corners)is explicitly determinedby the
geodesicdistanceon thepolycube.Comparedto [6], thepolycube
domainoffersarectangularstructurewhichfor surefacilitatesgeo-
metriccomputingandshapeanalysis.Within Wanget al.'s frame-
work, the user�rst constructsthe polycubemanually. Thenboth
the3D modelandpolycubearemappedto oneof thecanonicaldo-
mains,i.e.,sphereS2, EuclideanplaneE2, andhyperbolicdiscH2,
dependingon the topologyof the input model. Next, they tried to
�nd a mapbetweenthe fundamentaldomainswhich inducedthe
map betweenthe input 3D shapeand polycube. This methodis
completelydifferentfrom themethodintroducedin [18] suchthat
the former is intrinsic which totally avoids the projectionof 3D
pointsto thepolycubedomains.



(a) User-controllablePolycubemap (b) PolycubeT-spline (c) T-junctionsonpolycubespline (d) Close-upof controlpoints

Figure 1: Polycube spline for the David Body model. (a) The user-controllable polycube map serving as the parametric domain.
(b) and (c) PolycubeT-splinesobtained via af�ne structur e induced by the polycubemap. Note that our polycubespline is globally
de�ned as a “one-piece” shaperepresentationwithout any cutting and gluing work exceptat the �nite number of extraordinary
points (corners of the polycube). The extraordinary points are colored in greenin (b). The red curveson the spline surface(see(c))
highlight the T-junctions. (d) Close-upof the spline model overlaid with the control points. The polycube T-spline contains 9781
control points. The original model contains100K vertices.The root-mean-square error is 0:4%of the diagonal of the model.

Although themethodpresentedin [20] cannaturallycomputethe
polycubemapin anintrinsic way, it hassomedrawbacks:1) there
are very limited numberof user-speci�ed controlswhich can be
usedin Wang's method. For example,the usercanonly specify
threepointson the3D modelandtheir imageson polycubefor the
genuszerocases.Therefore,they cannot control the desiredlo-
cationof theextraordinarypoints(cornersof polycube).If theex-
traordinarypointshappento locateon thehighly detailedregions,
thenit is dif�cult to �ll the "holes" in the postprocessingstep. 2)
It is dif�cult to handleopensurfacesin Wanget al.'s method.The
only feasibleway is to usedoublecovering techniqueintroduced
in [9] which convert theopensurfacesinto closedones.However
thistechniquewill at leastdoublethetimecomplexity andnotprac-
tical for largescaledatasets.3) It is dif�cult to handlehigh genus
models,sincecomputingthe fundamentaldomainof high genus
modelis known to beerror-pronesincethenumericaltruncateder-
ror maycauseseriousproblemswhenthepointsarenearthebound-
ary of the Poincaredisk. 4) It is dif�cult to control the total area
distortionif theuser-designedpolycubedifferstheinput3D model
toomuch.

In thispaper, weaimto furtherimprovethework of [20] by propos-
ing a novel framework of user-controllablepolycubemaps,which
overcometheaforementioneddisadvantagesandchanllenging,and
is muchmoreef�cient andaccurate.Within this framework, the
currentapproachallows usersto directly specifytheextraordinary
(corner)pointsof thepolycubesontheinput3D surfaces.Theloca-
tion of singularitiescanbeinteractively placedwhereno important
geometricfeaturesexist to facilitatelater hole-�lling process.We
thendevelopalgorithmsfor computingpolycubemapsin anintrin-
sicway, andshow thattheresultinguser-controllablepolycubemap
is anidealparametricdomainfor splineconstructingandotherap-
plications. Figure1 demonstratesanexampleof polycubesplines
constructionuponproposeduser-controllablepolycubemaps.

1.1 Contributions
Thespeci�c contributionsof thispaperareasfollows:

1. Weproposeanovel framework to constructuser-controllable
polycubemapsby usingdiscretericci �o w. Our methodis
fundamentallydifferent from Tarini et al.'s technique[18]
and the methodproposedin [20]. The user is allowed to
choosethe extraordinarypoints directly and freely on the
given3D surfaces,thus,canavoid thehigh detailedregions
which facilitateslaterhole-�lling process.

2. Theproposedmethodfor polycubemapconstructionhaslower
areadistortioncomparedto traditionalmethodsandpreserves
smallangledistortionaswell. By minimizingthesizeof sin-
gularitieson the parametricdomain,we canensurethat the
correspondingholesin theresultingsurfacesarealsosmall.

3. Theproposedmethodcanconstructpolycubemapeasilyfor
highgenussurfacesandopensurfaces,whichareusuallydif-
�cult to be handledby the traditionalmethodsasexplained
above.

The remainderof this paperis organizedas follows. We review
therelatedwork on splinesandparametrizationsin Section2. We
presentthedetailsof ouralgorithmtoconstructtheuser-controllable
polycubemap of arbitrary topology in Section3. We then dis-
cussour constructionalgorithmsfor polycubesplinesand docu-
mentexperimentalresultswith statisticsandperformancedatain
Section??. Finally, weconcludeourpaperin Section4 with future
researchdirections.

2. PREVIOUS WORK
Globalsurfaceparameterizationis critical to many applicationsin
graphics,vision andcomputer-aideddesign,suchastexture map-
ping, remeshing,shapematching,splineconstruction,etc [4, 17].
Gu and Yau pioneeredglobal conformal parameterizationusing
holomorphic1-forms[9]. Jin et al computedoptimalholomorphic
1-form to reducethe areadistortion of conformalmapping[12].
Kharevych et al. computedtheconformalparameterizationusing
circle patterns[14]. Dong et al. proposeda methodfor quadri-
lateral remeshingusing harmonicfunctions [3]. This methodis



theoreticallyequivalentto usingaholomorphicone-formas[9] ex-
cept that it hasat leastfour morezeropoints thanGu andYau's
method.Tonget al. generalizedharmonic1-formsto incorporate
conesingularitiesandusedthemfor quadrilateralremeshing[19].
Ray et al. parameterizedsurfacesusing periodic potentialfunc-
tionsguidedby two orthogonalinputvector�elds [16]. Dongetal.
stuidedLaplacianeigenfunctions,whoseextremaareevenly dis-
tributedon themesh.Connectingtheseextremavia gradient�o w
led to a quadrangularbasemeshwhichcanserve astheparametric
domainfor quadrilateralremeshing[2]. Kälbereret al. computed
global parameterizationusing branchcovering and demonstrated
their algorithmin high qualityquadrilateralremeshing[13].

Besidesthe Euclideanplane,otherdomainscanalsoserve asthe
parametricdomainfor surfaceparameterization.Sphericalparametriza-
tion for genuszerosurfacesareintroducedin [5, 8]. Jinetal. com-
puted hyperbolicsurface parameterizationof surfaceswith neg-
ative Euler characeteristicusing discreteRicci �o w [11]. Kho-
dakovsky et al. parameterizedthe surfacesusingsimplicial com-
plexes[15]. Tarini et al. pioneeredtheconceptof polycubemaps
which aimsto reduceboth the angulardistortionandareadistor-
tion [18]. Wanget al. presentedan intrinsic methodto construct
thepolycubemapwhichavoidstheprojectionof theverticeson3D
modelto thepolycubedomain[20].

3. CONSTRUCTION OF POLYCUBE MAPS
In this section,weexplain in detailsour algorithmfor constructing
polycubemapsfor surfaceswith arbitrarytopologies.

The key differencesbetweenthe techniquesemployed in [18, ?]
andoursin this paperarethatTarini et al.'s techniqueis trying to
�nd a one-to-onemappingfrom the original surfaceto the poly-
cubesurfaceextrinsically, which typically requiresthe projection
of pointsfrom thesufaceto thepolycube.As aresult,theirmethod
is usuallyquitedif�cult to handlecaseswherethesurfaceandthe
polycubediffer too much, becausethe point projectiondoesnot
establisha one-to-onecorrespondence;themethodsusedin paper
[?] computesucha mappingin an intrinsic way. They �rst con-
formally mapthe3D shapeandthepolycubeto thesamecanonical
domains(e.g.,sphere,Euclideanplane,or hyperbolicdisk), then
constructa mapbetweenthesetwo domains,which inducesa one-
to-onemap betweenthe 3D shapeand the polycube. The draw-
backof this intrinsic methodis that userhasvery limited control
on thewholemapping.For example,usercannotcontroltheposi-
tionsof thosepoints,which aremappedto thecornerpointsof the
polycube.If theneighborhoodsof thosepointshaverich geometric
features,hole�llings will verychallenginganderrorprone.In con-
trast,our methodoffersusersthe full controlof thecornerpoints,
therefore,userscanchoosethe cornerpointsat regionswith less
geometricfeaturesto simplify thehole �lling procedure.Further-
more,themethodin [?] computethepolycube�rst, thenconstruct
the mappingbetweenthe surfaceand the polycube. If the poly-
cubeis changes,themappingneedto berecalculated;whereas,in
our currentmethod,we establishthemapping�rst, thenwe deter-
mine thepolycubebasedon themapping.If we modify theshape
of the polycube,the correspondencebetweenthe surfaceandthe
polycubedoesn't change. Therefore,we canadjustthe shapeof
thepolycubeeasilyto obtaina better�tting for thepolycubeto the
original surface.Our experimentalresultsshow thatthenew poly-
cubemethodintroducelessareadistortion.Smallerareadistortions
aroundthecornerpointsinducebetterhole�lling results.

Thepolycubeis constructedin thefollowing way:

1) usersetthepositionsandthecurvaturesof thecornerpointson
thesurface.
2) we deformtheRiemannianmetricof thesurfaceby Ricci �o w,
suchthat all the cornershave the prescribedGaussiancurvatures,
andotherpointsare�at.
3) We computethestraightlinesconnectingcornerson thesurface
underthenew metricto partitionthesurfaceto a collectionof pla-
narquadrilaterals.
4)We transformeachquadrilaterialto a planarrectangleby setting
thecorneranglesto be p

2 's,andrunningRicci �o w.
5) Assemblyall theplanarrectanglesto thedesiredpolycube.Then
for verticesontheedgesof thepolycube,they mightbemismatched.
We enforcethemto meettogetheron the edge,anduseharmonic
mapto relaxtheinterior of eachrectangle.

In theabove construction,themappingbetweenthepolycubeand
the surfaceis automaticallyestablished.The shapeof the poly-
cubeandthecorrespondencearefully determinedby cornerpoints.
Therefore,the choicesof the cornerpoints arecrucial. The fol-
lowingsaretheimportantcriteriafor choosingthepositionsof the
corners:the cornersshouldbeat regionswith lessgeometricfea-
turesfor thepurposeof betterhole�lling; thecon�gurationof the
cornersshouldre�ect thesymmetryof theoriginal surface.

Ourexperimentalresultsshow thatcurrentmethodgivesusersmore
freedomto designthepolycube;it induceslessareadistortionbe-
tweenthe surfaceandthe polycube;it capableto handlesurfaces
with morecomplicatedtopologies,suchashigh genussurfacesor
opensurfaces,which aredif�cult to handleby conventionalmeth-
ods.

3.1 DiscreteRicci Flow
SupposeSisasurfacewith aRiemannianmetricg. Letu: S! R be
afunctiononthesurface,thenḡ= e2ug is alsoaRiemannianmetric
of S, whereu representstheareadistortionandcalledtheconformal
factor. Furthermore,theanglesbetweentwo tanglevectorsat the
samepointmeasuredby g equalto thosemeasuredby ḡ, therefore,
we say ḡ is conformalto g. Gaussiancurvaturesaredetermined
by Riemannianmetrics. Let K andK̄ arethe Gaussiancurvature
functionsinducedby g andḡ respectively. ThenK, K̄ andu are
governedby thefollowing Yamabeequation:

K̄ � e2uK = Du; (1)

whereDg is theLaplace-Beltramioperatordeterminedby g. This
equationshows thatgivena desiredGaussiancurvatureK̄, we can
uniquelydeterminea Riemannianmetrice2ug. Thedesiredmetric
canbecomputedusingRicci �ow method:

du(t)
dt

= K̄ � K(t); (2)

wherethe initial condition is u(0) = 0, K(t) is the Gaussiancur-
vatureinducedby the metric e2u(t)g. Riccif �o w is proven to be
convergentto theuniquesolutionundertheconstraintthatthesur-
faceareais preservedduringthe�o w [10].

DiscreteRicci �o w methodis introducedin [1] and applied for
solid modelingin [20]. Basically, the surfaceis approximatedby
a triangularmesh. The Riemannianmetricsareapproximatedby
theedgelengths.TheGaussiancurvaturesareapproximatedasthe
anglede�cit from 2p at eachvertex. Theconformalmetric is ap-
proximatedby circlepackingmetric,wherethemeshis coveredby
a collectionof circlescenteredat eachvertex. Thecirclesintersect



eachother. We canchangethecircle radii andpreserve the inter-
sectionangles,then the radii and the intersectionangletogether
determinestheedgelengths,thenthediscretecurvaturesat thever-
tices.Let thecircle radii at vertex vi begi , ui belngi , thendiscrete
Ricci �ow hasexactthesameform asthesmoothRicci �o w

dui(t)
dt

= K̄i � Ki (t);

with a normalizationconstraint,thatduring the �o w the total area
of themeshis preserved. DiscreteRicci �o w is a powerful tool to
designedgelengthsaccordingto theuserde�ned curvatures.

Furthermore,discreteRicci �o w is thegradient�o w of thesocalled
discreteRicci energy. Let u be the vectorof logarithmsof radii
(u1;u2; � � � ;un), k bethevectorof vertex Gaussiancurvature(K1;K2; � � � ;Kn).
Let u0 be(0;0; � � � ;0), thenthediscreteRicci energy is givenby

E(u =
Z u

u0

n

å
i= 1

(K̄i � Ki )dui :

It is proventhatthediscreteRicci energy is convex, thereforehasa
uniqueglobalminimum,whichinducesthecurvaturek̄. Therefore,
we canuseNewton's methodto computethe desiredmetric from
theuserde�ned curvature.

3.2 Construction of PolycubeMaps
CornerSelectionGivenameshM with arbitrarytopology, usercan
designthepolycubeP basedon theshapeof thesurfaceby directly
selectingcornersof P on M. Thechoicesof thecornersre�ect the
symmetryof M. Thecurvatureateachcornerc equalsto (2� k

2)p,
wherek is thevalenceof c on thepolycubep. Namely, protruding
cornersarewith p

2 , recessedcornersarewith � p
2 . The total cur-

vaturesof all cornersequalsto 2pc (M), wherec (M) is theEuler-
characteristicnumberof M. Figure 2 shows the selectedcorner
pointson Buddhamodel. The red cornersarethe protrudingcor-
ners,the greencornersare the recessedcorners. For non-corner
vertices,we setthecurvatureto bezeros.

MeshPartition We usethe discreteEuclideanRicci �o w to com-
putea new circle packingmetricaccordingto thetargetcurvature.
For any two cornersc1;c2 on the mesh,whosecorrespondences
areconnectedon thepolycube,we computetheshortestpathcon-
nectingthem on the meshunderthe new metric usingDijkstra's
method. All suchshortestpathssegmentspartition the meshto
patches.Figure4 shows the partition of the buddhameshby this
step.

Recti�cation Eachpatch is a planarquadrilateralunder the new
metric, but may not be a rectangle. We can usethe Ricci �o w
methodto rectify the planarquadrilateralto the rectangleby set-
ting the target curvaturesof 4 cornersto be p

2 , andall the other
interior andboundaryvertex curvaturesto bezeros.Ricci �o w can
�nd a �at metric, the layout of themeshunderthe �at metric is a
rectangle.Theaspectratio of therectangleis solelydeterminedby
original geometryof the patch. Figure?? illustratesthe recti�ca-
tion result.

PolycubeAssemblyAssembleall therectanglesto apolycube,scale
eachrectanglealongx andy directionswhenit is necessary. First,
webuild thedualgraphof thepolycube,eachnoderepresentsaface
of the polycube,eachedgecorrespondsto an edge. Thenwe use
breadth�rst searchingmethodto traversethedualgraph.We �rst
embedtheroot face,eachtimeweaccessanew face,wedetermine

thecoordinatesof its corners.In thisway, wecanembedthewhole
polycubein R3.

If two rectangleson the polycubeshareoneedge,make the cor-
respondingverticesto align eachother. Then we usea discrete
harmonicmapto relaxthepositionsof theinterior verticesof each
rectanglewith the�x edboundarycondition.

Figure 2: Corner points are marked on Buddha model, red
oneswith p=2 target Gaussiancurvature, and greenoneswith
� p=2 targetGaussiancurvatures.

Figure 3: Geodesicsbetweencorner points are marked with
sharp edges,which are computed using Dijkstra' s algorithm
with computedconformal metric asedgelengths.

4. CONCLUSIONS
Weproposesanovel framework of user-controllablepolycubemaps,
whichcanovercomethedisadvantagesof theconventionalmethods
andcanbegeneralizedto complicatedsurfacesof arbitrarytopol-
ogy. Theproposedmethodallowsusersto directlyselectthecorner
pointsof thepolycubeson theoriginal 3D surfaces,thenconstruct
thepolycubemapsby usingthenew computationaltool of discrete
Euclideanricci �o w. Theresultingpolycubemapusuallyhaslower
areadistortion and small angledistortion which are pleasingfor
spline construction. We develop algorithmsfor computingsuch
polycubemaps,andshow thattheresultinguser-controllablepoly-
cubemap serves as an ideal parametricdomainfor constructing
splinesurfaces. The locationof singularitiescanbe interactively



Figure 4: Geodesicsbetweencorner points are marked with
sharp edges,which are computed using Dijkstra' s algorithm
with computedconformal metric asedgelengths.

placedwhereno importantgeometricfeaturesexist. Experimental
resultsdemonstratethat the manifold splinesbuilt upon the pro-
posedpolycubemapscanachieve thesame�tting accuracy by us-
ing muchfewer control points,andsubsequentlymake the entire
hole-�lling processmucheasierto accomplish.Throughextensive
experimentsonvariousmodels,wedemonstratethatproposeduser-
controllablepolycubemapsarewell suitedfor splineconstruction
of complicatedgeometricmodelsof arbitrarily complicatedtopol-
ogy.
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(a) Polycubemap (b) PolycubeT-spline (c) PolycubeT-spline (d) Controlpoints

Figure6: Examplesof PolycubeT-splines.


