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ABSTRACT

PolycubeT-splinehasbeenformulatedelegantly that canunify T-
splinesand manifold splinesto de ne a new shaperepresentation
for surfacesof arbitrary topology by using polycubemap as its
parametricdomain. Naturally The data tting quality usingpoly-
cubeT-splineshingeson the constructionof underlyingpolycube
maps. However, existing methodsfor polycubemap construction
exhibit somedisadwantages.For example,existing approachesor
polycubemapconstructioreitherrequireprojectionof pointsfrom
a3D surfaceto its polycubeapproximationwhichis thereforevery
dif cult to handlethecasewhentwo shapesliffer signi cantly; or
computethemapby conformallydeformingthe surfacesandpoly-
cubegto thecommoncanonicadomainandthenconstructhe map
usingfunctioncompositionwhichis challengingto controlthelo-
cation of singularitiesand makesit hard for the data- tting and
hole- lling processekateron.

This paperproposes novel framewvork of usercontrollablepoly-

cubemaps,which canovercomethe disadwantagef the corven-
tional methodsandis muchmoreef cient andaccurate.The cur

rentapproactallows userdo directly selecthecornerpointsof the
polycubeson the original 3D surfacesthenconstructhe polycube
mapsby usingthe new computationakool of discreteEuclidean
ricci ow. We develop algorithmsfor computingsuchpolycube
maps,andshav thatthe resultingusercontrollablepolycubemap
senesasan ideal parametricdomainfor constructingspline sur

facesand otherapplications. The location of singularitiescanbe
interactizely placedwhereno importantgeometricfeaturesexist.

Experimentalresultsdemonstratehat the manifold splinesbuilt

uponthe proposedolycubemapscanachieve the sametting ac-
curagy by usingmuchfewer controlpoints,andsubsequentlynale
theentirehole- lling processmucheasierto accomplish.
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1. INTRODUCTION AND MOTIVATION

Manifold splines,proposecby Gu, He, andQin [7], is a computa-
tional framework to generalizesplinesde ned on planardomains
to manifoldsof arbitrarytopology Mathematicallyamanifoldcan
be equivalently treatedas a setof coordinatechartsin R? via lo-

cal parameterizationandtheselocal chartsarethenglued coher

ently andsmoothlyto form a completemanifold surface.Gu et al.

shavedthattheremustbesingularitiesfor ary closedmanifoldex-

cepttori [7]. Hence,for a closedmanifold of g > 1, therehasto

be singularitiesof the atlaswhich cannot be coveredby ary chart
within its collectionset. The existenceof singularitiescomesfrom

the topological obstruction,which can not be avoided within the
currentmanifold splineframewvork. Givena closeddomainmani-
fold of genusgy, [7] proposed methodto computetheaf ne struc-
ture with Eulernumberj2 2gj extraordinarypoints andshaved

thattheinducedtransitionfunctionsaresimply thetranslation.

Therearetwo researctdirectionsimmediatelyfollowing up Gu et
al.'s work. Oneis to further reducethe numberof extraordinary
points. In [6], Gu et al. presentech methodto constructmani-
fold splineswith singleextraordinarypointreachingheir theoretic
lower boundof singularity for real-world applications. They rst
computeda specialmetric of ary manifold domainsuchthat the
metricbecomesat everywhereexceptatonepoint. Then,themet-
ric naturallyinducesanaf ne atlascoveringtheentiremanifoldex-
ceptthis singularpoint. Finally, manifold splinesarede ned over
this afne atlas. They shaved that the uniformity of the metric
variesdrasticallydependingon thelocationof singularity

Anotherdirection,onthecontrary is to increasehe numberof ex-
traordinarypointsto reducethe total areadistortionin the af ne
atlas.In [20], Wangetal. proposedolycubeT-splineswhichis a
variantof manifold spline suchthat the metric of the afne man-
ifold (polycubewithout corners)is explicitly determinedby the
geodesidistanceon the polycube.Comparedo [6], the polycube
domainoffersarectangulastructurewhichfor surefacilitatesgeo-
metriccomputingandshapeanalysis.Within Wangetal.'s frame-
work, the user rst constructshe polycubemanually Thenboth
the3D modelandpolycubearemappedo oneof thecanonicablo-
mains,i.e., sphereS?, EuclidearplaneE2, andhyperbolicdiscH?,
dependingon the topologyof the input model. Next, they tried to
nd a map betweenthe fundamentadomainswhich inducedthe
map betweenthe input 3D shapeand polycube. This methodis
completelydifferentfrom the methodintroducedin [18] suchthat
the former is intrinsic which totally avoids the projectionof 3D
pointsto the polycubedomains.



(a) UsercontrollablePolycubemap (b) PolycubeT-spline

(c) T-junctionson polycubespline

(d) Close-upof controlpoints

Figure 1: Polycube spline for the David Body model. (a) The usercontrollable polycube map sewing asthe parametric domain.
(b) and (c) Polycube T-splinesobtained via af ne structur e induced by the polycube map. Note that our polycube spline is globally
de ned as a “one-piece” shaperepresentationwithout any cutting and gluing work exceptat the nite number of extraordinary
points (corners of the polycube). The extraordinary points are coloredin greenin (b). The red curveson the spline surface (see(c))
highlight the T-junctions. (d) Close-upof the spline model overlaid with the control points. The polycube T-spline contains 9781
control points. The original model contains 10K vertices. The root-mean-squae error is 0:4% of the diagonal of the model.

Although the methodpresentedn [20] cannaturally computethe
polycubemapin anintrinsic way, it hassomedravbacks:1) there
are very limited numberof userspeci ed controlswhich canbe
usedin Wang's method. For example,the usercanonly specify
threepointson the 3D modelandtheirimageson polycubefor the
genuszero cases. Therefore they cannot control the desiredlo-

cationof the extraordinarypoints(cornersof polycube).If the ex-

traordinarypointshappento locateon the highly detailedregions,
thenit is dif cult to Il the"holes"in the postprocessingtep. 2)

It is dif cult to handleopensurfacesin Wangetal.'s method.The
only feasibleway is to usedoublecovering techniqueintroduced
in [9] which convert the opensurfacesinto closedones. However

thistechniquewill atleastdoublethetime compleity andnotprac-
tical for large scaledatasets3) It is dif cult to handlehigh genus
models,since computingthe fundamentaldomainof high genus
modelis known to beerrorpronesincethe numericaltruncatecer-

ror maycauseseriougproblemsvhenthepointsarenearthebound-
ary of the Poincaredisk. 4) It is dif cult to controlthe total area
distortionif the userdesignecpolycubedifferstheinput 3D model
toomuch.

In thispaperwe aimto furtherimprove thework of [20] by propos-
ing a novel framevork of usercontrollablepolycubemaps,which
overcometheaforementionedisadwantagegndchanllengingand
is much more ef cient and accurate. Within this framework, the
currentapproachallows usersto directly specifythe extraordinary
(corner)pointsof thepolycubeontheinput 3D surfaces.Theloca-
tion of singularitiescanbeinteractively placedwherenoimportant
geometricfeaturesexist to facilitate later hole- lling process.We
thendevelopalgorithmsfor computingpolycubemapsin anintrin-

sicway, andshaw thattheresultingusercontrollablepolycubemap
is anideal parametricdomainfor splineconstructingandotherap-
plications. Figure1 demonstratean exampleof polycubesplines
constructioruponproposedisercontrollablepolycubemaps.

1.1 Contributions
Thespeci ¢ contritutionsof this paperareasfollows:

1. Weproposeanovel framevork to construcusercontrollable
polycubemapsby usingdiscretericci o w. Our methodis
fundamentallydifferent from Tarini et al.'s technique[18]
and the methodproposedin [20]. The useris allowed to
choosethe extraordinary points directly and freely on the
given 3D surfacesthus,canavoid the high detailedregions
which facilitateslaterhole- lling process.

2. Theproposednethodfor polycubemapconstructiorhaslower
areadistortioncomparedo traditionalmethodsandpreseres
smallangledistortionaswell. By minimizing thesizeof sin-
gularitieson the parametricdomain,we canensurethatthe
correspondingpolesin theresultingsurfacesarealsosmall.

3. Theproposednethodcanconstructpolycubemapeasilyfor
highgenussurfacesandopensurfaceswhichareusuallydif-
cult to be handledby the traditional methodsas explained
above.

The remainderof this paperis organizedas follows. We review
therelatedwork on splinesandparametrizationgn Section2. We
presenthedetailsof ouralgorithmto constructheusercontrollable
polycubemap of arbitrary topology in Section3. We then dis-
cussour constructionalgorithmsfor polycubesplinesand docu-
mentexperimentalresultswith statisticsand performancedatain
Section??. Finally, we concludeour paperin Sectiond with future
researchdirections.

2. PREVIOUS WORK

Global surfaceparameterizatiois critical to mary applicationsn
graphics,vision and computeraideddesign,suchastexture map-
ping, remeshingshapematching,splineconstructionetc[4, 17].
Gu and Yau pioneeredglobal conformal parameterizatiorusing
holomorphicl-forms[9]. Jin etal computedoptimalholomorphic
1-form to reducethe areadistortion of conformalmapping[12].
Kharevych etal. computedthe conformalparameterizatiomising
circle patterns[14]. Dong et al. proposeda methodfor quadri-
lateral remeshingusing harmonicfunctions[3]. This methodis



theoreticallyequivalentto usinga holomorphicone-formas[9] ex-
ceptthatit hasat leastfour more zero points than Gu and Yau's
method. Tonget al. generalizecharmonicl-formsto incorporate
conesingularitiesandusedthemfor quadrilateraremeshind19].
Ray et al. parameterizedurfacesusing periodic potentialfunc-
tionsguidedby two orthogonainputvector elds [16]. Dongetal.
stuidedLaplacianeigenfunctionswhoseextremaare evenly dis-
tributedon the mesh. Connectingheseextremavia gradient o w
led to aquadrangulabasemeshwhich cansene asthe parametric
domainfor quadrilateraremeshing2]. Kélbereretal. computed
global parameterizatiomsing branchcovering and demonstrated
their algorithmin high quality quadrilaterafemeshind13].

Besidesthe Euclideanplane,otherdomainscanalsosene asthe

parametriddomainfor surfaceparameterizatiorSphericaparametriza-

tion for genuszerosurfacesareintroducedn [5, 8]. Jinetal. com-
puted hyperbolic surface parameterizatiorof surfaceswith neg-

ative Euler characeteristiaising discreteRicci ow [11]. Kho-

dalovsky et al. parameterizedhe surfacesusing simplicial com-
plexes[15]. Tarini etal. pioneeredhe conceptof polycubemaps
which aimsto reduceboth the angulardistortion and areadistor

tion [18]. Wangetal. presentedan intrinsic methodto construct
thepolycubemapwhich avoidstheprojectionof theverticeson 3D

modelto the polycubedomain[20].

3. CONSTRUCTION OF POLYCUBE MAPS

In this sectionwe explain in detailsour algorithmfor constructing
polycubemapsfor surfaceswith arbitrarytopologies.

The key differencesbetweenthe techniquesemplo/ed in [18, 7]
andoursin this paperarethat Tarini et al.'s techniqueis trying to
nd a one-to-onemappingfrom the original surfaceto the poly-
cubesurfaceextrinsically, which typically requiresthe projection
of pointsfrom the sufaceto thepolycube.As aresult,theirmethod
is usuallyquite dif cult to handlecasesvherethe surfaceandthe
polycubediffer too much, becausehe point projectiondoesnot
establisha one-to-onecorrespondencehe methodsusedin paper
[?] computesucha mappingin anintrinsic way. They rst con-
formally mapthe 3D shapeandthe polycubeto the samecanonical
domains(e.qg., sphere Euclideanplane,or hyperbolicdisk), then
constructa mapbetweernthesetwo domainswhich inducesa one-
to-onemap betweenthe 3D shapeand the polycube. The draw-
backof this intrinsic methodis that userhasvery limited control
onthewhole mapping.For example,usercannot controlthe posi-
tions of thosepoints,which aremappedo the cornerpointsof the
polycube.If theneighborhoodsf thosepointshave rich geometric
featureshole llings will verychallenginganderrorprone.In con-
trast,our methodoffers usersthe full control of the cornerpoints,
therefore,userscan choosethe cornerpoints at regionswith less
geometricfeaturesto simplify the hole lling procedure.Further
more,the methodin [?] computethe polycuberst, thenconstruct
the mappingbetweenthe surface and the polycube. If the poly-
cubeis changesthe mappingneedto be recalculatedwhereasin
our currentmethod,we establishthe mapping rst, thenwe deter
mine the polycubebasedon the mapping.If we modify the shape
of the polycube,the correspondencbetweenthe surfaceandthe
polycubedoesnt change. Therefore,we can adjustthe shapeof
thepolycubeeasilyto obtaina better tting for the polycubeto the
original surface. Our experimentakesultsshav thatthe new poly-
cubemethodntroducdessareadistortion. Smallerareadistortions

aroundthe cornerpointsinducebetterhole lling results.

The polycubeis constructedn thefollowing way:

1) usersetthe positionsandthe curvaturesof the cornerpointson
thesurface.

2) we deformthe Riemanniammetric of the surfaceby Ricci o w,
suchthatall the cornershave the prescribedGaussiarcunatures,
andotherpointsare at.

3) We computethe straightlinesconnectingcornerson the surface
underthe new metricto partitionthe surfaceto a collectionof pla-
narquadrilaterals.

4)We transformeachquadrilateriato a planarrectangleby setting
thecornerangleso be %'s, andrunningRicci o w.

5) Assemblyall theplanarrectangleso thedesirecbolycube.Then
for verticesontheedgef thepolycube they mightbemismatched.
We enforcethemto meettogetheron the edge,anduseharmonic
mapto relaxtheinterior of eachrectangle.

In the above constructionthe mappingbetweerthe polycubeand
the surfaceis automaticallyestablished. The shapeof the poly-
cubeandthecorrespondencarefully determinedy cornerpoints.
Therefore,the choicesof the cornerpoints are crucial. The fol-
lowingsaretheimportantcriteriafor choosingthe positionsof the
corners:the cornersshouldbe at regionswith lessgeometricfea-
turesfor the purposeof betterhole lling; thecon guration of the
cornersshouldre ect thesymmetryof the original surface.

Ourexperimentatesultsshav thatcurrentmethodgivesuseramore
freedomto designthe polycube;it induceslessareadistortionbe-
tweenthe surfaceandthe polycube;it capableto handlesurfaces
with morecomplicatediopologiessuchashigh genussurfacesor

opensurfaceswhich aredif cult to handleby corventionalmeth-
ods.

3.1 DiscreteRicci Flow

Suppos&is asurfacewith aRiemanniammetricg. Letu: S!' R be
afunctiononthesurface theng= e?'gis alsoa Riemanniametric
of S, whereu representtheareadistortionandcalledtheconformal
factor. Furthermorethe anglesbetweentwo tanglevectorsat the
samepoint measuredby g equalto thosemeasuredy g, therefore,
we sayg is conformalto g. Gaussiarcunaturesare determined
by Riemanniammetrics. Let K andK arethe Gaussiarcunature
functionsinducedby g andg respectiely. ThenK, K andu are
governedby thefollowing Yamabeequation:

K %K= Du 1)

whereDy is the Laplace-Beltrambperatordeterminedoy g. This
equationshavs thatgiven a desiredGaussiarcunatureK, we can
uniquelydeterminea Riemanniarmetrice?!g. The desiredmetric
canbe computedusingRicci ow method:

du(t) _
dt
wherethe initial conditionis u(0) = 0, K(t) is the Gaussiarcur-

vatureinducedby the metric e2®g. Riccif ow is provento be
corvergentto the uniquesolutionunderthe constraintthatthe sur
faceareais preseredduringthe o w [10].

K K(t); )

DiscreteRicci o w methodis introducedin [1] and appliedfor
solid modelingin [20]. Basically the surfaceis approximatedy
a triangularmesh. The Riemanniarmetricsare approximatedy
theedgelengths.The Gaussiarcunaturesareapproximatedsthe
anglede cit from 2p at eachvertex. The conformalmetricis ap-
proximatedby circle packingmetric,wherethe meshis coveredby
acollectionof circlescenterecat eachvertex. Thecirclesintersect



eachother We canchangethe circle radii and presere the inter-
sectionangles,then the radii and the intersectionangletogether
determineshe edgelengths thenthediscretecurvaturesatthever
tices. Let thecircle radii at vertex v; beg, u; belng, thendiscrete
Ricci ow hasexactthe sameform asthe smoothRicci o w

dui(t) _ = ...
at =Ki  Ki(t);

with a normalizationconstraintthatduringthe o w thetotal area
of themeshis presered. DiscreteRicci o w is a powerful tool to
designedgelengthsaccordingto theuserde ned curvatures.

FurthermorediscreteRicci o wisthegradiento w of thesocalled
discreteRicci enegy. Let u be the vector of logarithmsof radii

(u1;U2;  ;up), k bethevectorof vertex Gaussiartunature(Ky; Ko;
Letug be(0;0; ;0), thenthediscreteRicci enegy is givenby
VA u g —
E(u= a (Ki  Kj)du;:
Uo j=1

It is proventhatthediscreteRicci enegy is corvex, thereforehasa

uniqueglobalminimum,whichinduceshecunaturek. Therefore,
we canuseNewton's methodto computethe desiredmetric from

theuserde ned curvature.

3.2 Construction of Polycube Maps
CornerSelectiorGivenameshM with arbitrarytopology usercan
designthe polycubeP basedn theshapeof the surfaceby directly
selectingcornersof P on M. The choicesof the cornersre ect the
symmetryof M. The cunatureateachcornerc equalsto (2 'é‘)p,
wherek is the valenceof ¢ on the polycubep. Namely protruding
cornersarewith 5, recessedornersarewith 5. Thetotal cur
vaturesof all cornersequalsto 2pc (M), wherec(M) is the Euler
characteristimumberof M. Figure 2 shavs the selectedcorner
pointson Buddhamodel. Thered cornersarethe protrudingcor-
ners,the greencornersare the recessedorners. For non-corner
vertices we setthe curvatureto bezeros.

MeshPartition We usethe discreteEuclideanRicci ow to com-
putea new circle packingmetricaccordingto thetametcunature.
For ary two cornerscy;c; on the mesh,whosecorrespondences
areconnectedn the polycube we computethe shortesipathcon-
nectingthem on the meshunderthe nenv metric using Dijkstra's
method. All suchshortestpathssegmentspartition the meshto
patches.Figurd shaws the partition of the buddhameshby this
step.

Recti cation Eachpatchis a planarquadrilateralunder the nev
metric, but may not be a rectangle. We can usethe Ricci ow
methodto rectify the planarquadrilateralto the rectangleby set-
ting the target cunvaturesof 4 cornersto be 5, andall the other
interiorandboundaryertex cunaturesto be zeros.Ricci o w can
nd a at metric, thelayoutof the meshunderthe at metricis a
rectangle Theaspecratio of therectanglds solelydeterminedy
original geometryof the patch. Figure ?? illustratesthe recti ca-
tion result.

PolycubeAssemblyssembleall therectanglego apolycube scale
eachrectanglealongx andy directionswhenit is necessaryfirst,
we build thedualgraphof thepolycube gachnoderepresentaface
of the polycube,eachedgecorresponds$o an edge. Thenwe use
breadthrst searchingnethodto traversethe dualgraph. We rst
embedherootface,eachtime we accessanew face,we determine

the coordinate®f its corners.In thisway, we canembedhewhole
polycubein R3.

If two rectangleson the polycubeshareone edge,make the cor-
respondingverticesto align eachother Thenwe usea discrete
harmonicmapto relaxthe positionsof theinterior verticesof each
rectanglewith the x edboundarycondition.

Kn

Figure 2: Corner points are marked on Buddha model, red
oneswith p=2 target Gaussiancurvature, and greenoneswith
p=2 target Gaussiancurvatures.

Figure 3: Geodesicsbetweencorner points are marked with
sharmp edges,which are computed using Dijkstra’ s algorithm
with computed conformal metric asedgelengths.

4. CONCLUSIONS

We proposesnovel framavork of usercontrollablepolycubemaps,
which canovercomehedisadwantage®f thecorventionalmethods
andcanbe generalizedo complicatedsurfacesof arbitrarytopol-
ogy. Theproposednethodallows userdo directly selecthecorner
pointsof the polycubeson the original 3D surfaces thenconstruct
the polycubemapsby usingthenenv computationatool of discrete
Euclidearricci o w. Theresultingpolycubemapusuallyhaslower
areadistortion and small angledistortion which are pleasingfor
spline construction. We develop algorithmsfor computingsuch
polycubemaps,andshav thattheresultingusercontrollablepoly-
cube map senes as an ideal parametricdomainfor constructing
spline surfaces. The location of singularitiescan be interactvely



Figure 4: Geodesicsbetweencorner points are marked with
shamp edges,which are computed using Dijkstra' s algorithm
with computed conformal metric asedgelengths.

placedwhereno importantgeometricfeaturesexist. Experimental
resultsdemonstratehat the manifold splinesbuilt uponthe pro-
posedpolycubemapscanachieve the sametting accurag by us-
ing muchfewer control points, and subsequentlynalke the entire
hole- lling processnucheasierto accomplish.Throughextensve
experimentnvariousmodelswe demonstratéhatproposediser
controllablepolycubemapsarewell suitedfor splineconstruction
of complicatedyeometricmodelsof arbitrarily complicatedopol-

ogy.
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(a) Polycubemap (b) PolycubeT-spline (c) PolycubeT-spline (d) Controlpoints

Figure 6: Examplesof Polycube T-splines.



