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Abstract

We presentlow analysismodelsfor dependencgraphbasedalgorithmsfor (a) computingprogramslicesand
(b) computingsummaryinformation neededfor slicing. Our modelsbenefitstypical of declarativespecification.
First, they showthatalgorithmsfor solving flow analysisproblemsmay be appliedto computingslicesandsummary
information. Second,they makeit explicit that SDG-basedlgorithmspresentedn the literature are essentially
instancesof the well-known worklist algorithm for solving flow analysisproblems. Third, the models, being
declarative,conciselyexpresswhat is being computed,insteadof focussingon how it is being computed. The
modelsare more concisethan the algorithmsand provide a formal foundationfor comparingdifferent algorithms
for the sameproblem. Third, with theexistenceof toolsto generatanalyzerdrom flow models,our modelsremove
the necessityto presentalgorithms. As a demonstrationywe presentflow analysismodelfor a new interprocedural
slicing algorithm that combinesthe computationof summaryinformation and the computationof slice. That the
new algorithm is equivalentto previousalgorithmscan be demonstratedy showingthat their flow modelsare
isomorphic.

Index Terms: Programslicing, flow analysismodels,worklist algorithm, systemdependencgraph.

1 Introduction

A slice of a programwith respectto a programpoint p consistsof all statement®of the programthat might
affect the behaviorof the programobservedat p; the programpoint p is said to be the dicing criterion”. The
problemof computingslicesof a programhasreceivedconsiderablattentionover the lasttwo decadedbecausef
its applicabilityin systemgenerationdebuggingyerifying requirement$32], programintegration[13], restructuring
[17, 22, 23], testing[10], programcomprehensiof6, 11], andreuse[5]. The interestand significanceof program
slicing is further outlined by the existenceof three survey papers[4, 16, 30] on the subjectand a recentspecial
issue[12].

Programslicing algorithmsmay also be classifiedas follows [4, 16, 30]:

1. Dataflow equation based—influencedby Weiser's model of a program slice as a solution of data flow
equations.

2. Graph reachability based—influenced by Ottenstein& Ottenstein’'smodel of the problem as a graph-
reachability problem [25].

3. Information flow relation based—BermgerettiandCare’s modelof aslicein termsof informationflow relations
derivedfrom a programusing a syntax-directecapproach[2].

4. Denotational semanticsbased—influencedby the useof denotationakemanticgo expresprogramanalyzers
[31].

This definition is slightly differentfrom the original definition of programslice introducedby Weiser[33].
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In all, butthegraph-reachabilitpasedapproachesyhatconstitutes programslicemaybemodelleddeclaratively as
a systemof equationgmoregenerally,inequations).The solutionof theseequationsonstitutesa slice. Algorithms
for solvingtheseequationspeingknown aspartof a largerbody of work, arethereforenot alwaysdiscussedexcept
to enumerateahe methodof finding the solution. In contrast,the graph-reachabilitypasedslicing algorithmsare
presentedbperationally, astraversalof programor systemdependencgraph(SDG) [14, 28]. The problembeing
modelledasa graph-reachabilityproblem,researcherprovide (a) algorithmsfor constructingthe necessargraphs
and (b) algorithmsfor traversingthe graphto identify the statementdelongingto a slice.

In this paper,we presentdeclarative models[24] for severalgraph-reachabilitypasedslicing algorithms. In
our modelsthe underlyinggraphreachabilityproblemis specifiedasa setof constraints.Theseconstraintssatisfy
the conditionsof monotoneflow analysisframeworkand henceare termedflow models. Unlike monotoneflow
modelsfor problemslike reachingdefinitionsor constantpropagationsvhich are developedn a control flow graph
(CFG), our flow analysismodelsuse SDG.

The constructionof a SDG requiressolving the reachingdefinition problem using CFG, a problemwhose
flow analysismodelsmay be found in the literature[24]. It alsorequirescomputingcertainsummaryinformation
whosecomputationhasbeenpresentedn the literaturealgorithmically [14, 28]. We presentflow modelsfor the
computationof summaryinformation as well.

Our flow analysismodelsof programslicing and summaryinformation offer the following benefits,typical
of declarativespecification:

1. The modelsmakeit explicit that algorithmsfor solving flow analysisproblemsare directly applicableto the
problemof computingprogramslices. More generally the modelsshowthat graph-reachabilitproblemsmay
be mappedto flow analysisproblems.This is the converseof Reps,Horwitz, and Sagiv’sfinding that certain
classef flow analysisproblemsmay be mappedto the graph-reachabilityproblem[27].

2. The modelsmakeit explicit that the known SDG-basedslicing algorithmsare specialcasesof the worklist
algorithmsfor solving flow analysisproblems[14, 28]. Besidesthe worklist algorithm,thereare severalother
algorithmsfor solving suchproblems,suchasalgorithmsusing stronglyconnecteccomponentsor specialized
algorithmswhenthe underlyinggraphis reducible,and Gaussiareliminationalgorithms[24]. The advantages
or disadvantagesf using theseother flow analysisalgorithmsfor programslicing hasnot beeninvestigated
and may be worthy of further research.

3. Themodelsenableconcisedescriptionof differentslicing algorithmsand providea formal foundationto prove
their equivalence For instancewe presenflow analysismodelof a new interproceduraslicing algorithmthat
computessummaryedgesat the sametime that a slice is computed. Sincethe computationof the summary
edgesdominatesthe cost of interproceduralslicing, computing this information only if it is neededmay
offer computationakpeedup especiallyif slicing is performedin an environmentwherethe programmay be
changing. That the new algorithmis equivalentto previousalgorithmscan be demonstratedby proving that
the modelsfor the two algorithmsare isomorphic.

4. Therealreadyexists at leastone tool, the ProgramAnalyzer Generator(PAG), that given a flow model of
a problem can automaticallygeneratea programthat solvesthat problem[24]. Thus, having developedthe
models, the task of developingthe algorithm becomesroutine.

The rest of the paperis organizedas follows. Section2 summarizeghe programand systemdependence
graphs,andalsogivesa quick overviewof flow analysismodelsandthe worklist algorithmto solvethem. Section
3 givesflow analysismodelsof severalintraprocedurabnd interproceduraklicing problem. It also gives models
for computationof summaryedges,a type of edgein the systemdependencagraph, and a model for a new
interproceduraklicing algorithm. Section4 concludesthe paper. Somecommonly used definitions neededfor
this paperare presentedn Appendix A. Proof of equivalenceof modelsof two interproceduraklicing algorithm
is presentedn Appendix B.

2 Preliminaries

This sectionpresentssomebackgroundknowledgeneededor therestof the paper. The next subsectiorgives
an overview of programand systemdependencgraph. It is followed by a subsectioron flow analysismodels.
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Dependence graphs A systemdependencgraph(SDG)[14] encodeshe data,control, and call dependence
relationsbetweenstatementsof a programin a simple proceduralanguageconsistingof assignmentif-then-else,
while-do, procedurecall, entry, and return statements. The parametergo a procedurecall are simple variables
passedy value-referenceThereis a specialproceduremain from which executionis initiated.

A SDG consistsof a collection of proceduredependencgraphs(PDG) (a variation of programdependence
graph[19, 25]). Thereis onePDG perprocedurdan the programencodingthe controlanddatadependenceelations
within the procedure.Thesegraphscontainverticesrepresentingall-sites and procedureentry points. The SDG
hascall edges connectingthe call-sitesin a PDG to the entry point in the PDG of the procedurecalled at that site.

For eachcall-site, a PDG also containstwo verticesfor every actual parameterin the procedurecall. An
actual-in vertexto representhe transferof value of the actualparameteto an intermediatevariableusedto send
the input to the procedure.An actual-out vertexto representransferof the final value of the parameterfrom an
intermediatevariable to the actual parameter.

Analogously,every formal parameterof a procedureis representedn a PDG by two vertices. A formal-in
vertex representinghe transferof value to the formal parameterfrom the intermediatevariable assignedto in
the actual-in vertex. A formal-out vertex representingthe transferof value from the formal parameterto the
intermediatevariable usedat the actual-out vertex.

The pairsof intermediatevariablesusedto communicatehe initial andfinal valuesof a parameteto/from the
procedureentry areunique. A SDG containstwo typesof edges parameter-in and parameter-out, to representhe
datadependencdetweenthe actual-in to formal-in and formal-out to actual-out vertices.

Sincethereis onePDG perprocedurdn a SDG,the actual-in(actual-out)verticesfor the sameparametefrom
different calls to the sameprocedureare dependedipon by (dependon) the sameformal-in (formal-out) vertex.
The SDG also containsedgesbetweenthe actual parametewerticesof the sameprocedurecall and betweenthe
formal parametewerticesat the procedureentry. Theseedgestermedsummary edges, summarizethe dependence
betweenthe amgumentsof the procedurecall as a result of executingthe procedure.

Domain model for SDG  We introducea collectionof domainsto representhe nodesandedgesof a SDG.
The domainN denoteghe setof all nodesof a SDG. The elementf this domainare partitionedinto the following
subsets:

For mal | n: the setof all formal-in nodesand entry nodes.
For mal Qut : the setof all formal-out nodes.

Act ual I n: the setof all actual-in nodesand call-site nodes.
Act ual Qut : the setof all actual-out nodes.

O her : the setof nodesnot in any of the abovesubsets

We usethe samedomainto represenformal-in nodesand entry nodesbecausdhesenodesrequireidentical
treatmenfor the problembeingstudied. The sameholdsfor actual-in nodesandcall-site nodes.The correspondence
betweenthe Act ual I n nodesand For mal | n nodes, similarly Act ual Qut nodesFor mal Qut nodes,is
importantin specifyingthe models. The following functions provide the necessarynappings.

C :Actualln — Formalln

C' : Actual Qut — For nal CQut

R : Actual I n — Formal Qut — Act ual Qut
TheunctionC' is polymorphic. It mapsanAct ual | n nodeto the correspondind-or mal | n nodeof the procedure
called,andan Act ual Qut nodeto the correspondindg-or mal Qut node. An entry nodeis consideredo be the
For mal 1 n nodecorrespondingo an Act ual | n representinga call-site.

It alsohasanotherdependenceelationcalledthe def-orderdependencehich is not relevantfor slicing. This relationis thereforeignored
in this paper.
T For the presentatiorof this paperwe do needto separatelyclassify othernodes.They areimplicitly classifieddueto the classificationof
edges.
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The function # mapsa For mal Qut nodeto its correspondingdct ual Qut nodeat the call site containing
the Act ual I n.

The abovefunctionsare basedon the assumptiorthat eachcall-site calls a uniqueprocedure.This assumption
is violated when a languagehas procedure-valuedariables. In suchcase,the co-domainof function C' may be
modifiedto be a setof either For mal | n or For mal Qut nodes.Correspondinghangesvould be neededn the
usageof this function too.

The domainE denotesthe set of all edgesof a SDG. Its elementsare further partitionedinto the following
subsets:

I ntra: Control andflow edgesbetweenverticesof the samePDG.

Sunmary: Edgesfrom Act ual | n nodesto Act ual Qut nodesrepresentinghe dependencereateddue
to a procedurecall.

Cal | : Call and parameter-inedgesfrom Act ual | n nodesto For mal | n nodes.

Ret ur n: Parameter-outedgesfrom For mal Qut nodesto Act ual Qut nodes.

We use the following notationto simply the presentation.
Notation: Let f : A — B. Thenf : 24 — 28 is definedas f(X) = {f(z) | z € X}.

Flow analysis models We now presentan overview of flow analysismodelsfor programanalysis. The
descriptionhasbeensimplified to capturethe conceptsnecessaryo presentmodelsof programslicing algorithms.
More generaldescriptionof flow analysismodelsmay be found elsewherg24]. Definitions of termsusedbelow
are presentedn Appendix A.

A flow analysismodel containsthe following components:

=

D : A semanticdomain a completelattice satisfyingthe ascendingchain condition.

2. G = (N,E): A directedgraph,where N is a setof nodesrepresentingstatementgor computationalunits)
andE C N x N is a setof edgesrepresentinggomesemanticrelation betweentwo computationalnits.

3. A setof equationsspecifyingthe analysis. The equationsare usually recursiveand may be abstractedas:

Analysis = f(Analysis), where Analysis : N — D, i.e., Analysis associateso every computationalunit

a value from the set D, the semanticdomain The equationsare further constrainedn that the analysisof a

computationalunit is describedonly in termsof its successom the directedgraph,

Vn.Analysis(n) = fu(Y),Y = [Analysis(y) | (n,y) € E].

Notation: The expression[z | P(z)] denotesa sequenceof elementssatisfying P(z). Every useof a specific
expressionz | P(z)] denotesthe samesequence.

The leastfixed point of the setof equationsis usually the desiredsolution, which may be computedby the
worklist algorithm in Figure 1. That the algorithm computesthe desiredanalysisis guaranteedf function f is
monotone.

The systemof equationsin which the analysisat a nodeis definedas a function of its successorss called
a backwad flow model. Such equationsare suitablefor describingthe backwad slicing problem, the context
of the discussion. A forward flow modelis constructedvhenthe analysisat a nodeis definedas a function of
its predecessorsThe woklist algorithm may trivially be adaptedto solve forward flow modelsby replacingall
instanceof the expressiorn(z, y) € E by (y, z) € E. Thus,the ideaspresentedn the paperare equallyapplicable
to the forward slicing problem.

As is donein the next section,an analysismay sometimeshe specifiedas a set of inequations,insteadof
equations,such as:

Analysis(z) 3 ey

¥ Flow analysismodelsare mostcommonlyusedwith the control flow graphrepresentatiorof a program,which imposesadditionalpath
constraints.Theseconstraintsare not necessaryor usingthe worklist algorithm[24].
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INPUT: A directedgraph(V, E).

A systemof equations Analysis(n) = f,(Y),Y = [Analysis(y) | (n,y) € E],Vn € N
OUTPUT: Solutionfor the equations
METHOD: - - Initialization of Worklist and Solution

for all n € N do
Solutionjp] = f,([L, L, ...]);
if Solutionpr] J.L then
Worklist := Worklist U { n }
- - Iteration (update Worklist and Solution)
while Worklist # ¢ do
Removea noden from Worklist;
foreachz suchthat(z, n) € E do
new := Solutionfz] U f.(Y), Y = [Solution() | (z,y) € F]
if Solutioniz] — newthen
Solutionf] := new;
Worklist := Worklist U { z };

Figure1 Worklist basedalgorithmfor solving flow equations.

Analysis(z) O e

whereall the constraintshavethe sameleft handside. The leastsolution of this systemof inequationds alsothe
leastsolution of Analysis(z) = e; U - Ueg, [24, Chapter6]. Though,Nielsonet al. give algorithmsto solvea
systemof inequationswe assumehat the inequationamay be mappedto the equivalent(with respecto their least
solution) equationsand solved using the worklist algorithmof Figure 1. We do so becausehe slicing algorithms
in the literature are instancesof this worklist algorithm.

All the systemof constraintave presentatisfythe conditionsrequiredto ensurethattheir leastfixed point can
be computedby the worklist algorithm. Hencewe treatthe setof recursiveconstraintgo definethe corresponding
functions.

3 Flow analysis models for program slicing

We now presenflow analysismodelsfor programslicing. We startwith modelfor intraproceduraslicing, then
give modelsfor interproceduraslicing for Horwitz, Reps,and Binkley’s two passalgorithm [14] and Lakhotia’s
one passalgorithm[20]. That a worklist algorithmfor a flow modelis equivalentto the graphreachabilitybased
algorithmit modelsmay be determinedby instantiatingthe worklist algorithm. We presentsuchan instantiation
for flow modelsof intraproceduraklicing. Algorithm for interproceduramodelsmay be instantiatedsimilarly.

That suchflow modelsmay be developedor problemsotherthanslicing is demonstratedyy giving the flow
modelsfor computingsummaryedges. Though theseedgesare helpful in computinga slice, as part of system
dependencgraphthey are also helpful for otheralgorithmsbasedon SDG [3, 21]. The worklist algorithm for our
modelsfor summaryedge computationis computationallyequivalent,in solution and computationalcomplexity,
to the fast algorithm of Repset al. [28].
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INPUT: A directedgraph(V, E).

A systemof equationsSlice 4(n), asdescribedn text
With slicing criteria S

OUTPUT: Solutionfor the equations
METHOD: - - Initialization of Worklist and Solution
for all n € N do
Solutionfp] :=if n € S thenT elseL;
if Solutionp] =T
Worklist := Worklist U { n };
- - Iteration (update Worklist and Solution)
while Worklist # ¢ do
Removea noden from Worklist;
foreachz suchthat(z, n) € E do
new:=T
if Solutionfz] = newthen
Solutionf] := new;

Worklist := Worklist U { z };

Figure2 Worklist basedintraproceduraklicing algorithm. This algorithmis createdby specializing
the algorithm of Figure 1 by the constraintsfor intraproceduraklicing.

Intraprocedural slicing The following inequationsgive a flow modelfor intraproceduraklicing.
Domain: D4y = {T,L}, whereL = T
Constraints. Slicey : N — Dy

Slicea(z) 3 u Slicea(y)
e—yelntra
Slicea(z)d T, z €S

where S is the slicing criterion. In the aboveconstraintsthat a nodeis in the slice is representedy associating
to thevalue T to that node. Accordingto the constraintsa nodez is in the slice (1) if any of its successors in
the slice or (2) if it is in the slicing criterion S.

The worklist algorithmof Figure1l wheninstantiatedor the abovesemanticdomainandconstraintsyields the
algorithmin Figure 2, which is the samealgorithm asthat proposedby Ottenstein& Ottenstein[25].A nodez is
in theslice if onterminationof the algorithmSol ut i on[ z] is T, theleastfixed point solutionof the constraints.

Computing Interprocedural slices An interproceduraklicing algorithm basedon reachabilityover the
systemdependencgraphwas first proposedby Horwitz, Reps,and Binkley [14]. This algorithm computesthe
slice in two passes.In the first passthe Ret ur n edgesare excludedfrom traversalandin the secondpassthe
Cal | edgesare excluded. This two passtraversalensureghat information from a call site is not inadvertently
propagatedo anothercall site of the sameprocedure.

Figure 3 (a) gives the flow modelfor the slicing algorithm of Horwitz, Reps,and Binkley’s algorithm [14].
Horwitz et al.’s two-passalgorithm solvesthe constraintsfor Slice 1 in the first passand the constraintsfor
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Slice o in the secondpass. The constraintsmay be read as follows. The first pass,Slicer1, identifiesa node
to bein the slice if eitherit is in the slicing criterion or if any of its I nt r a, Summary, or Cal | successors
in the slice. The secondpass,Slicey», identifies a nodeto be in the slice if eitherit wasidentifiedto bein the
slice in first passor if any of its | nt ra, Summary, or Ret ur n successois in the slice. Thus, nodez is in
the slice if Sliceys(z) is equalto T. Eachpassof Horwitz et al.’s slicing algorithmis essentiallyan instanceof
the Worklist algorithm of Figure 1.

The two setsof constraintscan also be solvedin one passby solving them simultaneously.Lakhotia’s one
passalgorithm doesessentiallythat [20]. But it solvesthe constraintsof Figure 3 (b). Accordingto this modela
nodez is in the sliceiff Slice (z) is eitherequalto T or 5. The constraintsstatethat a nodeis in the slice with
value (not lessthan) T if it is in the slicing criterion. Otherwise,a nodeis in the sliceif its | nt r a or Summary
successors, and the nodetakesat leastthe samevalue asits successors A nodeis alsoin the slice if any of
its Cal | successorss in slice with the value T. The function ¢ ensureghat if a nodeis not placedin slice if
thevalueatits Cal | successors 5. A nodemay alsobein the sliceif any of its Ret ur n successois in slice.
In suchcase,the function ¢ ensureghat the node getsatleastthe value 3 irrespectiveof the value at the Cal |
successor.In the leastfixed point solution a nodeis assignedthe smallestvalue that is greaterthan or equalto
the valuesneededto satisfy all the constraints.

That, Lakhotia’s algorithmis equivalentto Horwitz et al.’s algorithm can be determinedby showingthat the
two modelsare isomorphic,as formulated below:

Definition: Dy = Dg1 x Dg» andSliceg : N — Dy, suchthat Slicey (x) = (Slicey(z), Slicega ().
Lemma: Slicey and Slicey areisomorphic.
Proof: In Appendix B.

Computing summary information  We now presentflow constraintsfor computingsummaryedgesof a
SDG. The constraintsare written in a form that enumeratesheir correspondenceith Repset al.’s fast algorithm
for computingsummaryedges[28].

Constraints: PathEdge : N — 270" ml Qut

PathEdge(z) D {z},z € FormalOut

PathEdge(z) D U PathEdge(y)
z—yelntra

PathEdge(x)2> | )  PathEdge(R(z)(PathEdge(y)))
e—yeCall

Constraints: SummaryEdge : Act ual | n — 2Actual Qut

Summary(z) = R(z)(PathEdge(C(z)))

The constraintdor PathEdge statethe following. The Path Edge function associates setof For mal Qut
nodesto everynodein thegraph. Thata For mal Qut nodey is in Path Edge(xz) impliesthatin the SDG (without
summaryedges)thereis a realizable-patifrom y to z. A realizablepathis a path in which the call and return
edgesare pairedto represent valid executionpath. The constraintamay be readasfollows. Thereis a realizable
path from every For mal Qut nodeto itself. If thereis anlntra edgez — y andthereis a realizablepath
from y to a For mal Qut node: thenthereis a realizablepath from nodez to nodez. If thereis a Cal | edge
z — y (soy is implicitly a For mal | n node)to a For mal Qut node z thenthereis realizablepath from z to
everynodein PathEdge(R(z)(z)), wherethe expression(z)(z) givesthe actual-outnodecorrespondingdo the
formal out node z at the call-site containing z.

The Summary function associatesa set of Act ual Qut nodesto every Act ual | n nodes. That an
Act ual Qut nodey is in Summary(z) implies thatthereis a reachablepathfrom the Act ual | n nodez to the
Act ual Qut nodey. Thoughnot expresseds such,the constraintessentiallysaysthat y is in Summary(z) if
thereis a reachablepath from C'(z) to C(y).
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Domain: Dgy = Dgy ={T,1},where LC T

Constraints: Slicey; : N — Dy

Domain: Dy ={T,3, 1L}, where LC BC T

Constraints: Slice;, : N — Dy,

Slicegi(x) 3 || Sliceni(y) Slicey ()3 ||  Slicer(y)
e—yelntra c—yelntra

Sliceg, (z) 3 | ] Slices (y) Slicey (z) 3 | ] Slicer (y)
yESummary(x) yESummary(x)

Slicey(z) 3 |_| Sliceg (y)
s—yeCall Slicer(z) I p || (SticeL(y))

Slicegr1(z) 3 T, 2z €S v—yeCall

Constraints: Sliceys : N — Dy Slicep () J || (Sticer(v))

r—ye Return
Sliceg(z)d T, z €S

Slicego(x) 3 |_| Slicega(y)

r—yelntra

Slicepra(z) 3 |_| Slicepa(y) p: Dy — Dyp
yeSummary(z) (2 DL - DL
- . p={T—T,0—L1 L—1}
Slicepra(z) J |_| Slicega(y) o= AT B 3B L 1)
z—yeReturn
Slicegs(z) 3 Sliceg (z)
@ (b)

Figure 3 Flow constraints for interprocedural slicing. The symbol S C 2% gives the set of nodes in the
dicing criterion. (a) Flow model for Horwitz, Reps, and Binkley's two pass algorithm
[14]. (b) Flow model for Lakhotia's one pass agorithm [20].

The above PathEdge and Summary functions are represented in Reps et al.’s algorithm by binary relations
with the samename. We referto Repset al.’s relationsas PathEdger and Summaryg. On terminationof the
respectivealgorithmson the sameinput thesestructureswill be relatedas follows:

Lemma: PathFEdgegr = {(z,d) | = € N,d € PathEdge(z)} and Summaryg = {(z,d)|lx € N,d €
Summary(z)}.
Proof: Left to the reader.

Computing summary information during slicing Horwitz et al.’'s [14] and Repset al.’s [28] algo-
rithms computesummaryinformation exhaustively.Since summaryinformationis interproceduralts computation
canbe expensivewhethercomputedusing Repset al.’s fast algorithm, which is an instanceof the worklist algo-
rithm for previousflow constraints.Whenslicing is usedfor debuggingasalsofor otherapplicationsn a program
developmenenvironmentjt may not be computationallyprudentto computethe summaryedgesexhaustively. It

may be preferredto computethe summaryinformation only if it is needed.

The following flow modelsfor interproceduratlicing combineshe computationof summaryinformationwith
the computatiorof slice. The summaryinformationis computedonly for thoseactual-outhodesthatarein theslice.

Domain: D; = T2Formlaut 4 | §
suchthatv® C Formal Qut .. C 8 C T, andVl,, 0, CFor mal Qut .0, C 0, iff 8, C 0.

§ Dy is a digoint union of T, 2Forml Qut "and | . For the sake of brevity the constraints are written as though D7 is a union of these
domains.
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Constraints: Slice; : N — Dy

Slicey(z) 3 I_I Slicey (y)
e—yelntra

Slicer(z) 3 |_| O(z)(Slicer(y))
:c—»yeca”

Slices ()3 || ®(x)(Slices(y))
r—yeReturn
Slicey(z)d T,z €S

where S is the slicing criterion and
Il : Actualln— Dy — Dy

M = \e{T —,0 — Slices(R(z)(0)), L — 1}
® : Formal Qut — D; — Dy

® = Az {T — {2},0 — {2} L — 1}

Theconstraintdor Slice; combinethe constraintsor Slice;, andPathEdge. Thisis reflectedin theelements
of domainD;. This domainmay trivially be mappedio Dy, the domainof Slicey , by mappingall non-emptyset
of For mal Qut nodes? to 3. Besides alsorepresent&lementsof the domainof PathEdge. Accordingto the
aboveconstraintsa nodez is in the slice if Slice(z) is either T or a non-emptysetof For mal Cut nodes?.

The functionsIl and® arekey to understandinghe aboveconstraints.The function II transformsinformation
flowing from a For mal | n nodey to anAct ual | n nodexz. A T ataFor mal | n nodeis propagatedasa T to
the Act ual | n node. However,a setd, representing setof For mal Qut nodes,reachingy is not propagatedo
z. Instead,the informationat Act ual Qut nodescorrespondingo the For mal Qut nodes? is propagatedo z.
The function ® transformsinformationflowing from an Act ual Qut nodey to a For mal Qut nodexz. Whatever
information, exceptL, reachesan Act ual Qut nodey the set{z} is propagatedo the For mal Qut nodez.

The following propositionrelatesthe constraintsfor Slice;, and Slice;.
Proposition: Vz.Slicer,(z) = T & Slice;(z) = T andSlicer, (z) = < 36 CFor mal Qut .0 # ¢ A Slicej(z) =
4.

PathFEdge and Slice; are relatedas follows:
Proposition: Vz.Slicey(z) = 6§ = 0 C PathEdge(z).

The abovepropositionsmay be proved following structuresimilar to the proof in Appendix B. The details
of the proof are left for the reader.

4 Related works

A detailedcomparisorwith literatureon interprocedurahnalysismodels,problems,andalgorithmsis beyond
the scopeof paper.

Therehasbeena considerableamountof work on programslicing. Exhaustivesurveyof the literature may
be found in the reviewsby Binkley and Gallagher[4], and Kamkar [16], and Tip [30]. Basedon the taxonomy
usedin thesesurveysthe constraintswe haveprovidedare for static, backward slice. Our constraintscan trivially
be adaptedfor static, forward slice aswell. The computationof dynamic forward and backwardslicing requires
differentinformation, which too is usually representeds graphs.But the dynamicslicing algorithmsare not pure
graphreachabilityalgorithms[1, 18]. It may be worth investigatingif thesealgorithmscan be modelledusing
flow constraints.

Forgacs and Gyimbthy have proposedan algorithm for computingsummaryedgesby taking advantageof
strongly connectedcomponentsn a call-graph[9]. Their improvementis analogousto improving the worklist
basedflow analysisalgorithmsusing strongly connecteccomponentg24]. The difference,however,is that a call
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graphis an abstractionof a systemdependencgraph. Thus, the SCC-worklistdoesnot directly mapto Forgacs
and Gyimothy’s improvement.

Reps, Horwitz, and Sagiv have shownthat a large classof interproceduradataflow analysisproblemscan
be transformedto graph-reachabilityproblems[27]. They take a dataflowanalysisproblemwhosesolution is of
the form Analysis : N — 2V, equivalently Analysis : N — V — Boolean, where N is the setof nodesof
the underlyinggraphand V' is a finite set(suchas set of variables),and transformit to a problemof the form
Analysis' : N x V. — Boolean. After transformationthe new graphhas N x V nodes. A nodeis assigned
a true value only if it can be reachedfrom the startnode. Repset al. provide a compactrepresentatiorof the
flow function at eachnode which enablessolving the encodedproblem by computingall the nodesthat can be
reachedfrom a start node.

Repshas suggestech methodfor transformingthe exhaustiveversion of summaryedgescomputationinto
an equivalentdemandproblemby applying the magic-settransformation[26]. Horwitz, Reps,and Sagiv’'s have
proposeddynamic programmingbaseddemandalgorithm for computingsummaryinformation [15]. Our flow
constraintfor computingsummaryedges,Summary, satisfythe requirement®f Duesterwald Gupta,and Soffa’s
framework for demand-driverinterproceduralanalysis[7]. Thus, a demandalgorithm for the problem follows
directly from their framework. Alternatively, the constraintsmay be solved using Fecht& SiedlI's fast algorithm
to computesolutionson demand[8, 29].

The flow constraintswhereinthe computationof summaryedgesis combinedwith the computationof slice,
Slicey, arenew. The worklist algorithm resultingfrom theseconstraintds a contributionof this paper.

Binkley’'s SDG basednterproceduratonstantpropagatioralgorithm[3] and Lakhotia’s SDG basedalgorithm
for constructingcall multigraph have also been presentedbperationally. The computationsperformedby these
algorithm may be abstractedas flow modelssimilar to thosepresentechere.

5 Conclusions

In the literature dependencgraphbasedprogramslicing algorithmshave beenpresentedperationally This
papershowsthat thesealgorithmsare essentiallyinstancef the classicworklist algorithmfor dataflow analysis.
This relationwas previouslynot obviousbecausef the absenceof declarativemodelsof the underlyingproblem.
The flow analysismodelsfor programslicing we presentenumeratehis relationship.That theseflow relationsare
presentedn a dependencgraph,as againsta control flow graph,implies that flow modelsfor otherdependence
graph basedalgorithmscan be developedsimilarly.

The flow modelswe presentare a preferredexpressionof the underlying computationbecausethey are
declarative they only expresswhat is being computed. The constraintsrepresentedby the modelsmay be solved
using genericdataflow analysisalgorithms. The slicing algorithmsin the literature have so far are instancesof
only the worklist baseddatdlow analysisalgorithm. Our modelsmake it explicit that other dataflow analysis
algorithms, such as elimination-basedlgorithms, T1-T2 analysis,reduciblegraph basedalgorithm, may also be
usedfor programslicing. Investigationof the advantagesnddisadvantagesf usingthesealgorithmsfor program
slicing may be worthy of further experimentalresearch.
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Appendix A

Definition: (D,LC) is apartially orderedsetiff C is areflexive, transitive,andanti-symmetricinaryrelationover D.
For conveniencewe statethat D is a partially orderedset wheneverthe relation C is obviousfrom context.

For a pair of elementsd;, d2 € D, the relationd; C d» is readasd; is lessthanor equalto ds, or conversely

ds is greaterthan or equal to d;.

Definition: An elementd € D is anupperboundof a subsety” of D iff d is greaterthanor equalto everyelement

of Y. A elementd is aleastupperboundof Y iff it is anupperboundof Y andis lessthanor equalto all other

upperboundsof Y. The leastupperboundof a subsetY” of D is denotedby | | Y, or d; U d; whenY = {d;, d»}.

Definition: An elementd € D is a lower boundof a subsetY” of D iff d is lessthanor equalto every element
of Y. It is a greatestiower boundof Y iff it is a lower boundof Y andis greaterthanor equalto all otherlower
boundsof Y. The greatestower boundof a subsefY” of D is denotedby [|Y or d; Md; whenY = {d;, d»}.

A subsetY of a partially orderedset D may not alwayshavea leastupperboundor a greatestower bound,
but when they do exist they are unique.

Definition: A partially orderedset D is a completelattice iff all its subsetshaveleastupperboundsand greatest
lower bounds. A completelattice has a least element,denoted L, and a greatestelement,denotedT, where
L=l¢=T]1DandT = []¢ = | |D.

Definition: A subsetY of a partially orderedset D is a chainiff its elementscanbe totally orderedusingC.

Definition: A partially orderedset D satidies the ascendingchain conditioniff everychainin D asa leastupper
boundin D.

Definition: A function f : A — B is monotoniciff for all z,y € A, x C4 y = f(z) Cp f(y).
Definition: Let D be a completelattice. An elementz € D is a fixed point of a function f : D — D iff

f(z) = z. Let Fiz(f) denoteall the fixed points of the function f. Then [|Fiz(f), denoted/fp(f), givesthe
least fixed point of f.

Tarski'sFixedPoint Theoem: If D is acompletdatticesatisfyingtheascendinghainconditionandf : D — D isa
monotonegunctionthentheleastfixed pointof f existsandis definedas| |[{f{(L) | i > 0}, wheref® = fofo.. of,
¢ times.

Appendix B

This appendixprovesthat the interproceduraklicing modelsin Figures3 (a) and (b) areisomorphic.
Definition: Dy = Dg1 x Dgs andSliceg : N — Dy, suchthat Slicer (2) = (Slicem1 (), Slicema(z)).
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Lemma: Slicey and Slicer areisomorphic.

Proof: The proof follows by showingthat the constraintsfor Slicey canbe transformednto the constraintsfor
Slicer, using fold/unfold equivalencepreservingtransformations.

Step 1. In the constraintsfor Sliceg» unfold the constraintsfor Sliceg .

Slicepa(z) 3 |_| Slicem (y) U |_| Slicema(y)
r—yelntra r—yelntra

Sliceps(x) 3 | ] Sliceg (y) U || Slice o (y)

y€eSummary(x) yeSummary(z)

Slices(z) D | | Slicen(y)
;C—ryeca”

Slicega(z) 3 | | Sticens(y)
z—yeReturn
Slicega(z)d T,z €S

Step 2. Unfold Slicey; and Sliceg» in the definition of Sliceg .

Sliceg(z) 3 ( |_| Slicem(y), |_| Slicem1(y) U |_| Sliceyg(y))

r—yelntra r—yelntra r—yelntra

Sliceg(z) 3 ( |_| Sliceg (y), |_| Sliceg (y) U |_| Slicegs (y))

yESummary(z) yESummary(x) yESummary(z)

Slicey (z) 2 ( |_| Slice (y), |_| SliceHl(y))

:L‘—ryeca” :L‘—ryeca”

Sliceg (z) 2 (J_, |_| SliceHz(y))

r—yeReturn
Sliceg(z)d (T,T),z €S

Definition: fst((z,y)) = = and snd((z,y)) = y.
Step 3: Fold Slicey in the aboveconstraints.

Sliceg (z) 2 |_| Slicen (y)
e—yelntra

Slicey (z) 3 |_| Slicer (y)

yESummary(z)

Sliceg(z) 3 /\z.(fst(z),fst(z))( |_| SliceH(y))

x—»yeca”

Sliceyg (z) J Az.(L, snd(z)) ( |_| SliceH(y))

c—yeReturn
Sliceg(z)d (T, T),z €S

Step 4. Although the domain Dy has four values, the function Slicey can only map to three values
{(T,T), (L, T), (L, L)} ie, thefunctionnevergenerateshevalue(T, L). Thereforewe canredefinethedomain
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Dy to havethe said threevalueswith the following ordering(T,T) C (L, T) C (L, 1). This redefinitiondoes
not causeany loss sinceit preserveghe orderingof elementsfrom the previousdefinition.

Step 5: The two lambdaexpressionglefinefunctionsin the spaceDgy — Dy. Give namesto the two lambda
expressionand enumeratethe function graph.

i = Ax.(fst(z), fst(x))
={T,T) = (T, T),(L,T) — (L, L), (L, L) — (L, L)}
o = Az.(L,snd(z))
={T,T) = (L, T),(L,T)— (L T),(L, L)~ (L L)}
Step 6: The domainsDy and Dy, areisomorphic. In the aboveconstraintseplaceeachoccuranceof an element

of Dy by the correspondingelementof Dj,. Theresultingconstraintareidentical,modulorenamingof identfiers,
to that of Slicey .
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