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1 Introduction

This paperreformulateshe 3z + 1 problemusingterm rewriting rules on abstractstructuresrepresentinghe
binary encodingof numbers. The abstractstructuresand the rules have beenusedto derive a binary relation <
over odd numberssuchthatT(a:)%x, for all z in odd numbers.To prove the Conjectureit is sufiicient to prove
that the transitive closureof this binary relation is antisymmetric,is irreflexive (exceptfor 1), andhas1 asthe
smallestelement.
~ The 3z + 1 problem concernsthe iteration of the function 7 : N* — N, ore equivalentlyof function
T :2N +1 — 2N + 1, definedas: where N is the setof all naturalnumbers,N T is the setof positive natural

z/2 xiseven . 3r +

numbers3z 4+ 1 mod 2/ = 0 and3z + 1 mod 29 £ 0. The3z + 1 Conjectureassertghat repeatedteration of the
functionT" (or equivalently?’) on any positive integerz eventuallyproducesl [1, 3].

The recursiveapplicationof the 3z + 1 functionis a good exampleof a programthatis known to halt for all
numberghatit hasbeentried on. However,theredoesnot yet exista proof that sucha programwould indeedhalt
for all numbers.In arecentpaperMargensterrdevelopsa 3z +1 machine, amachinebasednthe3z+1 function,to
modelcomputationsaandto developboundariedbetweendecidableandundecidablegproblems[2]. Understandingpf
the3z+1 Conjecturecouldtherebyprovideinsightinto understandingtherproblemsthatmaybe modelledusingit.

2 Reformulation

The first column of Figure 1 definesthe syntaxdomainsB, B*t, B',and3’, representingoinary sequences
representinghe setof all numbersthe setof all positivenumbersthe setof all evennumbersandthe setof all odd
numbers.The symbol“.” in thesefiguresis a token. (It may loosely be interpretedasthe concatenatioroperator.)
The symbolsk0 andj1, asdefinedin the figure, representin evennumberand an odd number,respectively.

Someof the structurescreatedby this grammarare: 0, 0.01, 0.10, 0.01.1, 0.10.10, 0.01.01. They represent
the numbersi, 1, 2, 3, 4, andb, respectively.All termsmustbeginwith a 0. Theremay, however,be redundant
zerosaswell, suchas0.0, 0.0.0, 0.0.0.01, 0.0.10. We assumehat termswith redudantzerosare mappedto their
equivalentterms by removing the leading zeros.

The secondcolumnof Figure 1 presentsa function, 7" : B! — B!. The functionsit usesare presentedn the
first andthird columnsof Figure2. It canbeshownthatZ” is isomorphicto 7" by derivingit from the equationsof T'.
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beB 7' . B! — B! % :B'x B!
k0,%k'0, k"0 € B° 7(0.01) = 0.01 0.01 < 0.01
jl,j'1,j"1 € B!
Bt = B — {0} Tr(j1.1.1) = f1(j1).1 j'1.1 <4111 if j'1<741
b=0]k0]j1 T’(jl.()l.l) = fo(j1).01 k0.01 < 51.01.1 if k0 <jl1
k0 ::=10 | k'0.0 | k"0/10 | j1.10 T’(kO.Ul.l) = h1(k0).01 §'1.01 < k0.01.1 if j'1 < kO
jlu=11]41.1]471.01 k0.0
T’(jl.()l) — T’(]l) §'1<j51.01 if j'1 <31
T’(kO 0.01) = h(k0).0 6.01 < £0.0.01 if b<k0

j1.1.1 2 £0.10.01 if j1 < kO

T/(k0.10.01) = hy (k ) )
b.01.1 < j1.10.01 if b < jl

T'(j1.10.01) = f(j1 )011

Figure1 A term rewriting reformulationof function 7" and the constraintsfor <
derived from eachequationto satisfy the condition 7"(z )<z, for all = in B'.

Observethe symmetrybetweenthe equationsn columnsl and 3 of Figure2. Equationsin one columncan
be derivedfrom the equationof the samerow in the othercolumnby replacingall occurrence®f f by h, h by f,
1 by0,0byl1, k byj, andj by k. The exceptionsare equationghat dealwith the basecase.

Margenstern’s3z+ 1 machines basedn a finite statemachinethatcomputeghe 3z + 1 functionwith a stream
of binary numbers[2]. The forumlation presentechere was developedindependentlyof it. The syntaxdomain
and rewrite rules presentechere provide a richer representatiorio apply structuralinduction than Margenstern’s
state machine.

3 Derivation of a binary relation

The third columnof Figure 1 gives constraintsfor the relation < : B, x B;. Eachconsraintfor < is paired
with the equationin the samerow. A constraintis derived from its correspondingequation.It describeshe property
that shouldbe satisfiedby the relation < in orderfor the correspondingquationto ensurethat 7"(z )< z.

Consider the basecaseT”(0.01) = 0.01. This equationwill ensurethat7”(0.01)=<0.01 if 0.01<0.01.

The next eguationT’(jl.l.l) = f1(j1).1, may be rewritten as 7"(j1.1.1) = j’1.1, wherej'1 = f,(j1).
To ensurethat 77(j1.1.1)<;j1.1.1, it is imperativethat j/1.1<;j1.1.1 underthe condition that f,(j1) < jl1, i.e.,
j'1 < jl. The other constraintsare derived similarly.

Columns2 and4 of Figure 2 containsthe constraintsor < derivedfrom their correspondingequations..

From constructionof the constraintsit canbe shownusing structuralinductionthat 7"(z) <z, for all z € B,
andthatfor everyfunction¢ € {f, fo, f1, h, ho, h1}, £(2) < z, for everyelementz in their respectivedomains.
Definition: A binaryrelation<: D x D is P-reflexiveif forall z,y € D, 2 < y andy < z iff z =y andz € P.

Now considettherelation<t : B! x B!, thetransitiveclosureof <. To showthatthe 3z +1 Conjecturds valid
it is sufficient to showthat (a) <* is antisymmetric(b) <t is {1}-reflexive, andthat(c) 0.01 (the representation
for the numericvalue 1) is the smallestelementin B!, i.e., for all z € B!, 0.01<*z.

On the other hand, invalidation of any of the above condition doesnot invalidate the Conjecture. Thus,
proving that the relation <* satisfiesthe aboveconditionsis sufficient to prove the conjecture. If the constraints



f:B*—=B

fG11) = fi(51)
F(31.01) = fo(51).0
F(k0.01) = h(k0).10

fo . B1 — BO
fo(y1.1) = f(51).10

fo(51.01) = fo(y1).0.0
fo(k0.01) = h(k0).10.0

fi: B! = B!
fi1(71.1) = f1(51).1

A1(L.O1) = fo(51).01
F1(k0.01) = k1 (k0).01

<:Bx B

j'1 <411
k0.0 < 51.01
.10 < k0.01

b.10 < j1.1
£0.0.0 < j1.01
5.10.0 < k0.01

§'11 <411
£0.01 < 51.01
71.01 < k0.01

if j'1<j1
if k0 < j1
if b<ko0

if b=yl
if k0 < j1
if b < kO

if 5’1 < j1
if k0 < 51
if j1 < k0

h:B°— B

h(0) =

k(ko0. 0) = ho(k0)

h(k0.10) = hy (k0).1
(

h(j1.10) = f(51).01

hi: B° — B*

k0.0) = h(k0).10
k0.10) = hy (k0).1.
= f(;1).01.1

ho(0) =

)— ho(K0).0
0.10) = hy(k0).10
1.1

0) = fo(y1).10

(0
ho (kO
ho(
ho(]
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0<0

k'0 < k0.0
71.1 < k0.10
b.01 < 51.10

0.01 <0
b.01 < k0.0

j1.1.1 < k0.10
b.01.1 < j1.10

0=<0
k'0.0 < k0.0

41.10 < k0.10
k0.10 < 51.10

if k'0 < k0
if j1 < k0
ifb <1

if b= ko
if 51 < kO
if b=yl

if '0 < k0
if j1 < k0
if k0 < j1

Figure2 Equationsfor functionsusedin defining T' and constraintsfor relation< derivedfrom the equations.

for < presentedio not satisfy the conditions,it is likely that constraintsderivedby expanding(or unfolding) the
equationsmay lead to the desiredset.

4 Conclusions

| hopethat the new formulation of the 3z 4+ 1 problempresentedn this papermay provide insight into an
ordering over which T'(z) < .
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