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1 Introduction
This paperreformulatesthe

�������
problemusingterm rewriting ruleson abstractstructuresrepresentingthe

binary encodingof numbers. The abstractstructuresand the rules havebeenusedto derive a binary relation ��
over odd numberssuchthat �	�
 ��� �� � , for all

�
in odd numbers.To prove the Conjectureit is sufficient to prove

that the transitiveclosureof this binary relation is antisymmetric,is irreflexive (exceptfor
�
), and has

�
as the

smallestelement.

The
���
���

problem concernsthe iteration of the function
	������������

, ore equivalentlyof function�	������ ��� ����� ���
, definedas: where

�
is the setof all naturalnumbers,

���
is the set of positive natural

	�
 �����! ��" � �$#&%('*)�',+-/. �102 �$#3%547676 (1) �	�
 ���8� �����9��,: (2)

numbers,
�����;�

mod
� : �=<

and
�����;�

mod
� :?>�;<

. The
�����;�

Conjectureassertsthat repeatediterationof the
function

	
(or equivalently �	 � on any positive integer

�
eventuallyproduces

�
[1, 3].

The recursiveapplicationof the
�����;�

function is a goodexampleof a programthat is known to halt for all
numbersthat it hasbeentried on. However,theredoesnot yet exista proof that sucha programwould indeedhalt
for all numbers.In a recentpaperMargensterndevelopsa

���1�
�
machine, amachinebasedon the

���@�?�
function,to

modelcomputationsandto developboundariesbetweendecidableandundecidableproblems[2]. Understandingof
the
���@�?�

Conjecturecouldtherebyprovideinsightinto understandingotherproblemsthatmaybemodelledusingit.

2 Reformulation
The first column of Figure 1 definesthe syntaxdomains A , A � , A 0 ,andACB , representingbinary sequences

representingthesetof all numbers,thesetof all positivenumbers,thesetof all evennumbers,andthesetof all odd
numbers.The symbol“ D ” in thesefiguresis a token. (It may looselybe interpretedas the concatenationoperator.)
The symbols E < and F � , asdefinedin the figure, representan evennumberandan odd number,respectively.

Someof the structurescreatedby this grammarare:
<
,
< D <7� , < D �G< , < D <7� D � , < D �*< D �G< , < D <7� D <�� . They represent

the numbers
<
,
�
,
�
,
�
, H , and I , respectively.All termsmustbeginwith a

<
. Theremay, however,be redundant

zerosaswell, suchas
< D < , < D < D < , < D < D < D <7� , < D < D �*< . We assumethat termswith redudantzerosaremappedto their

equivalentterms by removing the leading zeros.

The secondcolumnof Figure1 presentsa function, �	KJ1� A 0L� A 0 . The functionsit usesarepresentedin the
first andthird columnsof Figure2. It canbeshownthat �	�J is isomorphicto �	 by derivingit from theequationsof

	
.
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��� AE <�� E J <�� E J J < � A BF ��� F J ��� F J J � � A 0A � � A��
	 <��� �3� � <�
 E <�
 F �E < �3� ���G<�
 E J < D <�
 E J J <�"��G<�
 F � D �G<F � �3� � ��
 F J � D ��
 F J J � D <7��
 E < D <��

�	�J5� A 0 � A 0�	 J 
 < D <7� ���=< D <��
�	 J 
 F � D � D � �(��� 0 
 F �*� D ��	�J 
 F � D <7� D � �8��� B 
 F � � D <���	�J 
 E < D <�� D � ����� 0 
 E <�� D <��
�	�J 
 F � D <7�G�8� �	�J 
 F �G�
�	�J 
 E < D < D <�� ����� 
 E < � D <7��	�J 
 E < D �*< D <7�/�(��� 0 
 E <�� D � D ��	�J 
 F � D �G< D <�� �5��� 
 F �G� D <7� D �

�� � A 0�� A 0< D <�� �� < D <7�
F J � D � �� F � D � D � #�� F J � � F �E < D <7� �� F � D <7� D � #�� E < � F �F J � D <7� �� E < D <7� D � #�� F J � � E <
F J � �� F � D <7� #�� F J � � F �
� D <�� �� E < D < D <�� #�� � � E <F � D � D � �� E < D �G< D <�� #�� F � � E <� D <�� D � �� F � D �*< D <7� #�� � � F �

Figure 1 A term rewriting reformulationof function � and the constraintsfor �
derivedfrom eachequationto satisfy the condition  �"!$#&%('  �)% , for all % in *�+ .

Observethe symmetrybetweenthe equationsin columns , and - of Figure2. Equationsin onecolumncan
be derivedfrom the equationof the samerow in the othercolumnby replacingall occurrencesof . by / , / by . ,
, by 0 , 0 by , , 1 by 2 , and 2 by 1 . The exceptionsare equationsthat dealwith the basecase.

Margenstern’s-�3546, machineis basedon a finite statemachinethatcomputesthe -�3746, functionwith a stream
of binary numbers[2]. The forumlation presentedherewas developedindependentlyof it. The syntaxdomain
and rewrite rules presentedhereprovide a richer representationto apply structuralinduction than Margenstern’s
state machine.

3 Derivation of a binary relation
The third columnof Figure1 gives constraintsfor the relation 89;:�<>=�?@<�= . Eachconsraintfor 89 is paired

with theequationin thesamerow. A constraintis derived from its correspondingequation.It describestheproperty
that shouldbe satisfiedby the relation 89 in order for the correspondingequationto ensurethat 8ACBED 3GF 89 3 .

Consider,the basecase 8ACBHD 0�IJ0�,KFMLN0�IJ0�, . This equationwill ensurethat 8ACBHD 0�IJ0�,OF 89 0�I 0�, if 0�IJ0�, 89 0�IJ0�, .
The next equation 8ACB&D 2P,�I$,�I$,OF�LQ. = D 2�,OFRI$, , may be rewritten as 8ACBSD 2P,�IT,�I$,OFULV2 B ,�I$, , where 2 B ,WLX. = D 2�,OF .

To ensurethat 8ACBED 2�,�I$,�I$,KF 89 2P,�I$,�I$, , it is imperativethat 2 B ,�I$, 89 2�,�I$,�IT, under the condition that . = D 2P,KF 9 2�, , i.e.,
2 B , 9 2P, . The other constraintsare derived similarly.

Columns2 and4 of Figure2 containsthe constraintsfor 9 derivedfrom their correspondingequations..

From constructionof the constraintsit canbe shownusingstructuralinduction that 8ACBED 3GF 89 3 , for all 3ZY < =
andthat for everyfunction [�Y]\^.`_a.Kb�_a. = _a/5_a/cbd_e/ =gf , [ D 3GF 9 3 , for everyelement 3 in their respectivedomains.

Definition: A binary relation 9�:�hi?@h is j -reflexiveif for all 35_lk�Y h , 3 9 k and k 9 3 if f 3ULmk and 3�Y@j .

Now considertherelation 89�no:�< = ?p< = , thetransitiveclosureof 89 . To showthatthe -�3q4U, Conjectureis valid
it is sufficient to showthat (a) 89�n is antisymmetric,(b) 89�n is {1}–reflexive, andthat (c) 0�I 0�, (the representation
for the numericvalue1) is the smallestelementin < = , i.e., for all 3]Y < = , 0�IJ0�, 89�n 3 .

On the other hand, invalidation of any of the abovecondition doesnot invalidate the Conjecture. Thus,
proving that the relation 89�n satisfiesthe aboveconditionsis sufficient to prove the conjecture.If the constraints
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Figure2 Equationsfor functionsusedin defining AB 0 andconstraintsfor relation
,

derivedfrom the equations.

for 89 presenteddo not satisfy the conditions,it is likely that constraintsderivedby expanding(or unfolding) the
equationsmay lead to the desiredset.

4 Conclusions
I hopethat the new formulation of the -�3 4 , problempresentedin this papermay provide insight into an

ordering over which
A�D 3GF 9 3 .
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